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Why should I know about Bayesian inference?

Because Bayesian principles are fundamental for
« statistical inference in general
« system identification

« translational neuromodeling ("computational assays")
— computational psychiatry
— computational neurology

« contemporary theories of brain function (the "Bayesian brain")
— predictive coding
— free energy principle
— active inference
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Bayes' theorem
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Bayes’ Theorem

Given data y and parameters 6, the joint probability is:

p(y,0) = p(@]y)p(y) = p(y|6)p(6)
Eliminating p(y,d) gives Bayes' rule:

POSLErIOr

ikeliheod PrIor

p(y | &) p(o)

P@1y)= oY)

EVIGENCE:




Bayesian inference: an animation
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Generative models

» specify a joint probability distribution over all variables (observations and
parameters)

* require a likelihood function and a prior:
p(y,@|m)=p(y|6,m)p(@|m)cc p(d]y,m)

« can be used to randomly generate synthetic data (observations) by sampling
from the prior

— we can check in advance whether the model can explain certain
phenomena at all

 model comparison based on the model evidence

p(y|m) = p(y|6,m)p(6|m)de



Principles of Bayesian inference

= Formulation of a generative model

I

= Observation of data

= Model inversion — updating one's beliefs

p(O1) = p(Y16)p(©) }ii_
_rotaewerce |




Priors

Priors can be of different sorts, e.g.

empirical (previous data)

e empirical (estimated from
current data using a hierarchical
model — "empirical Bayes")

 uninformed

« principled (e.g., positivity
constraints)

« shrinkage

0.4
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Generative models

p(y|&,m)-p(&|m)

p(&|y,m)

1. enforce mechanistic thinking: how could the data have been caused?

2. generate synthetic data (observations) by sampling from the prior — can
model explain certain phenomena at all?

3. inference about parameters — p(0|y)
4. inference about model structure — p(y|m) or p(mly)

5. model evidence: index of model quality



A generative modelling framework for fMRI & EEG:
Dynamic causal modeling (DCM)

EEG, MEG

Model inversion:
Estimating neuronal

Forward model:
Predicting measured

activity mechanisms

4‘ '- {\/ dx
y=9(x,0)+¢ \/ \ o f(X,U,0)+w

) dt
Friston et al. 2003, Neurolmage Stephan et al. 2009, Neurolmage



Modulatory input

DCM for dO 111 o ,
MRI - ij()| L ’Lt x:(,q+zu,gw)x+r:u

Driving input Neuronal state equation

\ endogenous Ae d9x
connectivity T ox
modulationof @) = i%

connectivity Ou; 0x

‘\ _ _ _ 0x
direct inputs C= u
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Neuronal states

x;(1)

!

Hemodynamic model

1

v;(t) and q,(1)

!

BOLD signal change equation

Local hemodynamic
state equations

vasodilatory
signal and flow
f=s induction (rCBF)

s=x—-ks—y(f-1)

v Balloon model
w=f-—vl/e

tq = fE(f,Eo)/Eo —v'/“q/v

Changes in volume (v)
and dHb (q)

BOLD signal e ¥Vl - @ e (1-0) k- )|+ e

Stephan et al. 2015, y(t) /\/\M/\f\ “ With ky = 4.390EoTE, ky = eroEoTE, ks =1 — ¢
Neuron



Bayesian system
identification

Neural dynamics

Observer function

Inference on model
structure

Inference on parameters

u(t)
l

dx/dt = f (x,u, 6)

y=0g(x,0)+¢

p(y|8,m)=N(g(6),2(0))
P(@,m) = N(,, %))

p(y|m) = p(y[6,m)p(6)de
p(y|6,m)p(0,m)

p(@ly.,m)=

p(y|m)

Design experimental inputs

Define likelihood model

Specify priors

Invert model

Make inferences



Why should I know about Bayesian inference?

Because Bayesian principles are fundamental for
« statistical inference in general
« system identification

« translational neuromodeling ("computational assays")
— computational psychiatry
— computational neurology

« contemporary theories of brain function (the "Bayesian brain")
— predictive coding
— free energy principle
— active inference



Generative models as “computational assays”
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@ Computational assays: . .
Models of disease mechanisms Translatlonal NeuromOdelmg
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Stephan et al. 2015, Neuron



Differential diagnosis based on generative models of disease
symptoms

SYMPTOM y
(behaviour
or physiology) ¢
p(y|6,m,) p(m, | y)
HYPOTHETICAL
MECHANISM ml mk mK

p(y[m,)p(m,)
Z p(y[m)p(m,)

p(m, |y) =

Stephan et al. 2016, Neurolmage
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Perception = inversion of a hierarchical generative model

environm. states
neuronal states others' mental states
bodily states

forward model

L p(y|x,m)- p(x|m)
. g p(x] y,m)

perception

A

/=
4‘ %
&
v




Example: free—energy principle and active inference

sensations — predictions «~— , - “Q& L,
_ L ) =
Prediction error W NS,
_ g
p:
Change Change
sensory input predictions
Perception
Maximizing the evidence (of the brain's generative model) Friston et al. 2006,

= minimizing the surprise about the data (sensory inputs). J Physiol Paris
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How is the posterior computed =
how is a generative model inverted?

Bayesian Inference

Analytical solutions

Approximate Inference
Variational MCMC
Bayes Sampling




How is the posterior computed =
how is a generative model inverted?

« compute the posterior analytically
— requires conjugate priors
— even then often difficult to derive an analytical solution

e variational Bayes (VB)
— often hard work to derive, but fast to compute
— cave: local minima, potentially inaccurate approximations

« sampling methods (MCMC)
— guaranteed to be accurate in theory (for infinite computation time)
— but may require very long run time in practice
— convergence difficult to prove



Conjugate priors

If the posterior p(8|x) is in the same family as the prior p(8), the prior and
posterior are called "conjugate distributions”, and the prior is called a "conjugate

prior" for the likelihood function.
(9 (9

e

same form

= analytical expression for posterior
= examples (likelihood-prior):
Normal-Normal
Normal-inverse Gamma

Binomial-Beta
Multinomial-Dirichlet



Posterior mean & variance of univariate Gaussians

Likelihood & Prior
p(y|6)=N(6,0;)
p(d) =N(u,,0,)

y=0+¢

Posterior:  P(8]Yy)=N(u,0o°)

Posterior mean =
variance-weighted combination of
prior mean and data mean

0.8

0.7

0.6

Likelihood




Same thing — but expressed as precision weighting

Likelihood & prior
p(y|6)=N(6,4")
p(0) =N(u,, A,")

Posterior: p(6’| Y) =N (,U,i_l)

Relative precision weighting

y=0+¢

Prior ;

Likelihood

25 30




Variational Bayes (VB)

ldea: find an approximate density q(8) that is maximally similar to the true
posterior p(0]y).

This is often done by assuming a particular form for g (fixed form VB) and
then optimizing its sufficient statistics.

true
posterior /\\
p(6ly) — R

divergence
KL[ql|p]

hypothesis
class

best proxy
q(6)




Kullback—Leibler (KL) divergence

. asymmetric measure of the difference Dy (PQ) = Z P(i 111
between two probability distributions P
and Q
. > plx
 Interpretations of D, (PIQ): D (P||Q) = / p(x) In 2 ;

— "Bayesian surprise" when Q=prior,
P=posterior: measure of the
information gained when one
updates one's prior beliefs to the
posterior P

— a measure of the information lost
when Q is used to approximate P

* non-negative: >0 (zero when P=Q)



Variational calculus

Standard calculus
Newton, Leibniz, and
others

* functions
fix = f(x)

» derivatives %
X

Example: maximize
the likelihood
expression p(y|6)
w.r.t. 6

Variational

calculus
Euler, Lagrange, and
others

 functionals
F:f » F(f)

. dr
derivatives dr

Example: maximize
the entropy H|[p]
w.r.t. a probability
distribution p(x)

Leonhard Euler
(1707 — 1783)

Swiss mathematician,
‘Elem_enta Calculi
Variationum’



Variational Bayes

Inp(y) = ‘KL[qllp]l + F(q,y),

I

divergence neg. free
> 0 energy
(unknown) (easy to evaluate
for a given q)

F(q) is a functional wrt. the
approximate posterior q(8).

Maximizing F(q,y) is equivalent to:

 minimizing KL[q||p]

- tightening F(q, y) as a lower
bound to the log model evidence

When F(q,y) is maximized, q(0) is
our best estimate of the posterior.

Inp(y) —F¢ Inp(y) —x
: KL[q|lp]
: F(q,y)
KL[q|lp]
F(q,y) “
initialization
convergence |



Derivation of the (negative) free energy approximation

« See whiteboard!
« (or Appendix to Stephan et al. 2007, Neurolmage 38: 387-401)



Mean field assumption

Factorize the approximate

posterior q(6) into independent 40 e 0(8,)
partitions:

q(6) = ]_[ q:(6))

_ - 054 ..... .
where q;(60;) is the approximate : |
posterior for the it subset of
parameters. 0 Jat

o AT :
For example, split parameters 0 g 6
2

and hyperparameters: 0,

Jean Daunizeau, www.fil.ion.ucl.ac.uk/
p (9, ﬂ, | y) ~ q (9’ /1) = q (0) q (l) ~jdaunize/presentations/Bayes2.pdf



VB in a nutshell (under mean—field approximation)

O Neg. free-energy In p(y | m) =F+ KL[CI 0, /1 (6’ Al Y)]
approx. to model

evidence. <In p(yl6,4) > KL[q 6,1), (6’,l|m)1
® Mean field approx. p(@,ﬂ, | y) ~ (] (9,1) =( (H)q (ﬂ)
©® Maximise neg. free q(8) cexp(l,)= eXpRIn o) /1)>W)_

energy wrt. g =
minimise divergence, _ [ il
by maximising q(4)cexp(l,)=exp <In P(y. 6, /1)>q(9)_
variational energies

O lterative updating of sufficient statistics of approx. posteriors by
gradient ascent.



VB (under mean—field assumption) in more detail

| p(y,0)
F(q,y) = q(6) In 2 (@)

[ mean-field assumption:
— rl_ q; X (lnp(y, g) — lel qi) dé 28 = IL o8 pt
= rq; —[ﬁ'i (lnp(y,ﬁ')—hm;)dﬂ—fq;nmzlnqidﬂ
Y, IVARY:
= [f}j(anihl})(}’,ﬂ) dﬂUhI{}j> dg; — [qjjl lqilnl lqidﬁvdﬁj
] \j ) ] \J \j

ﬂupuiﬂ;l}qu

[ exp ((lnp(y, 8))%)
= | qjIn
qj

de

— KL H;Il exp ((hl p(, 5)>t?'-hr)J e



VB (under mean—field assumption) in more detail

In summary: This implies a straightforward
F(g,y) = —KL |{'r';'|| exp ({mp(_\,’ gj}q-..-)‘ T algorithm for variational
’ inference:

Suppose the densities q\; = q(ﬁu) are kept
© |Initialize all approximate

posteriors g(6;), e.g., by
setting them to their priors.

fixed. Then the approximate posterior q(ﬂj)
that maximizes F(q, y) is given by:

*  =arecmaxF(qg,
9 5 qj (@) @ Cycle over the parameters,

revising each given the

1
= _ 1 v, .
Z €XP ({ np(y )}‘?U) current estimates of the

others.
Therefore:
Ing; = (In p(y,{-?)}qu —InZ © Loop until convergence.

=:Ilfﬂj-:]'



Model comparison and selection

Given competing hypotheses on
structure & functional
mechanisms of a system, which
model is the best?

Which model represents the
best balance between model
fit and model complexity?

For which model m does p(y|m)
become maximal?

Model fit

Good

Poor

A
|
¥

Goodness of fit

Overfitting

Generalizability

/ \ Model complexity

e

P
-

Pitt & Miyung (2002) TICS




Bayesian model selection (BMS)

Model evidence (marginal likelihood): \ Gharamani, 2004

p(ym) = p(y|6,m)p(@|m) do

p(ylm)

Yy .
"just right"

mmm) accounts for both accuracy j \‘

and complexity of the model

-
all possible datasets
mmmm)> “If | randomly sampled from my
prior and plugged the resulting _ o
value into the likelihood Various approximations, e.g.:
function, how close would the — negative free energy, AIC, BIC
predicted data be — on average
—tomy observed data?” McKay 1992, Neural Compuit.

Penny et al. 2004a, Neurolmage



Model space (hypothesis set) M

Model space M is defined by prior on models.

Usual choice: flat prior over a small set of models.

) - 1/|M] ifmeM
PATY = OifmeM

In this case, the posterior probability of model 1 is:

p(y[m;)p(m) p(y|m;)

p(mi | y): M| — M|
Z_}p(ylmj)p(mj) Z_}p(ylmj)



Differential diagnosis based on generative models of disease
symptoms

SYMPTOM y
(behaviour
or physiology) ¢
p(y|6,m,) p(m, | y)
HYPOTHETICAL
MECHANISM ml mk mK

p(y[m,)p(m,)
Z p(y[m)p(m,)

p(m, |y) =

Stephan et al. 2016, Neurolmage



Approximations to the model evidence

Logarithm is a ‘ Maximizing log model evidence

monotonic function = Maximizing model evidence

Log model evidence = balance between fit and complexity
log p(y |m) = accuracy(m) —complexity(m)
=log p(y | &, m) — complexity(m)

No. of
parameters

Akaike Information Criterion: AlIC = |Og p(y | O, m) @ No. of

data points

P
B ian Information Criterion: BIC =lo g,m)——Ilo
ayesian Information Criterio g p(y| ) 5 g@



The (negative) free energy approximation F

: 1 —x
F is a lower bound on the log model evidence: nplyim) :

log p(y|m)=F +KL|q(6),p(0]y.m)|  r@»

Like AIC/BIC, F is an accuracy/complexity tradeoff:

" ={log ply|0.m))-KL[a(0). p(OIm)

'

accuracy complexity




The (negative) free energy approximation

* Log evidence is thus expected log likelihood (wrt. q) plus 2 KL's:

log p(y [ m)
=(log p(y |6, m))- KL[q(H), p (0] m)}r KL[q(@), p(0]y, m)]

F =log p(y|m)-KL|q(6), p(6]y,m)]
=(log p(}/f\&’, m))-KL{q(6), p(6|m)]

|\ _J/ S Y

4

accuracy complexity




The complexity term in F

« In contrast to AIC & BIC, the complexity term of the negative
free energy F accounts for parameter interdependencies. Under
Gaussian assumptions about the posterior (Laplace
approximation):

KL[a(6), p(6 | m)]
B % In‘Ce‘ _%In‘cﬁly‘ +%(ﬂely _“H)T Cﬁ_l('“@ly _ﬂﬁ)

« The complexity term of F is higher
— the more independent the prior parameters (T effective DFs)
— the more dependent the posterior parameters
— the more the posterior mean deviates from the prior mean



Bayes factors

To compare two models, we could just compare their log

evidences.

But: the log evidence is just some number — not very intuitive!

A more intuitive interpretation of model comparisons is made

possible by Bayes factors:

5 _ Plylm)

o p(y|my)

Kass & Raftery classification:

Kass & Raftery 1995, J. Am. Stat. Assoc.

positive value, [0; o[

B, p(m,ly) | Evidence
1to 3 50-75% weak
3to 20 75-95% positive

20 to 150 95-99% strong
> 150 > 99% Very strong




Fixed effects BMS at group level

Group Bayes factor (GBF) for 1...K subjects:

_ (k)
GBEV—EIBEj

Average Bayes factor (ABF):
_ (k)
ABﬁr_d[IBEj
k

Problems:
- blind with regard to group heterogeneity
- sensitive to outliers




Random effects BMS for heterogeneous groups

Dirichlet parameters «
= “occurrences” of models in the population

w Dirichlet distribution of model probabilities r
F TN
G Multinomial distribution of model labels m

m, ~ Mult(m;1, r) Model inversion

~ ma DY Variational
- — Bayes or MCMC
Yy = Measured data y

Y Y, ~ Py, [ my)

Stephan et al. 2009, Neurolmage



Random effects BMS for heterogeneous groups

Dirichlet parameters «
= “occurrences” of models in the population

Dirichlet distribution of model probabilities r

Multinomial distribution of model labels m

Model inversion

by Variational
— Bayes (VB) or

Measured data y MCMC

Stephan et al. 2009, Neurolmage



Random effects BMS

p(r | &) = Dir(r,«) I_Ir‘)‘k‘1

Z(e)=[]r(e) /T 2
s Ir(a)/ (k J

\

i o p(m, [r) =]:[rkm“k

m, ~ Mult(m;1,r)

Qy
Y1

y

p(Yy IMy) = [ p(y 19 p(S[m,)d3

Stephan et al. 2009, Neurolmage

- p(yl | ml)



O Write down joint probability
and take the log

p(y,r,m)=p(yIm)p(m|r)p(r|a,)

:p(rlao)h:[p(y”mn)p(mn'r)
7 {F MHP y, |m,) f[rkmnk}
"z (1%) Hl:[[ (Yl )1 ™ rk%kl}

Inp(y,r,m)=-InZ (aO)Jan:Zk:((aOk ~1)Inr, +m, (log p(y, |m,)+In rk))



® Mean field approx.

©® Maximise neg. free
energy wrt. q =

minimise divergence,

by maximising
variational energies

g(r,m) =q(r)q(m)

q(r) oc exp
g(m) oc exp




O lterative updating of sufficient statistics of approx.
posteriors

a=a, o, =[1,...,1]

Until convergence

unk :exp(ln p(yn |mnk)+qj(ak)_\lj(zakjj

k

g — unk
) Zunk — (m — ]_) our (normalized)
” O = diM,, =

posterior belief that

,B _ Z g model k generated the
k nk data from subject n
n
a=o,+p B = Z U« expected number of
n subjects whose data we
end believe were generated

by model k




Four equivalent options for reporting model ranking by
random effects BMS

1. Dirichlet parameter estimates 94

. ' 1l f —
2. expected posterior probability o <rk > =a, /(al o tay )
obtaining the k-th model for any q

randomly selected subject

3. exceedance probability that a Tk e{l..K},Vjefl..K|j=k}:
particular model k is more likely than ’
any other model (of the K models o, =pr>r|y;a)

tested), given the group data

4. protected exceedance probability:
see below



Example: Hemispheric interactions during vision

LD|LVE
ot

i
MO G MOG

FG @ i F
a
WX
o !

G;
L i (LG
*

/

RVF LD|RVF LVF

*yNNLLY
...

— stim. stim.
—
| E—
—
£ M == m;
g —
« —
|
— Data: Stephan et al. 2003, Science
. — Models: Stephan et al. 2007, J. Neurosci.
-35 -30 -25 -20 -15 -10 5 0 5

Log model evidence differences



Ir a, =2.2 o
* (r,)=157% (r)=84.3%

0 [ [ [
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Stephan et al. 2009a, Neurolmage



PROJECTORS ASSOCIATORS

Example: Synaesthesia AB OOAB
» “projectors” experience_ A 5 @
color externally colocalized . 6 SG
with a presented grapheme e Toncwr| ™ \/
‘associators” report an SG/ o
internally evoked I :

|
|
.2 | I ; |
associlation G SG CG ' G CG
Bottom-up ' Top-down
i |
« across all subjects: no |
evidence for either model Slos D W] 5 ESKEEE
=] -p(rBU>0.5|y)—0A996
I 5 = o(r5>0:5ly) = 0.981

* but BMS results map
precisely onto projectors LY W
(bottom-up mechanlsms) Modulatory conn. (Hz)

Probability Density
ON & OO @ 5
Probability Density (AU)
o ~N N o {--]

-02 0 02 04 06
Modulatory conn. (Hz)

Probability Density

- V4 to SPL _ SPLtoV4
and associators (top-down) =, 29 1
4. <,
g !
S g
s2 | 0 0.2 0.4 0.6 0.8 1 81
a1 we £
van Leeuwen et al. 2011, J. Neurosci. £%7 o o2 oa Gs rp (= 177gy) %700z o4 0%

Modulatory conn. (Hz) Modulatory conn. (Hz)



Protected exceedance probability:
Using BMA to protect against chance findings

« EPs express our confidence that the posterior probabilities of models are
different — under the hypothesis H, that models differ in probability: r#1/K

» does not account for possibility "null hypothesis" H,: r,=1/K

« Bayesian omnibus risk (BOR) of wrongly accepting H, over Hy:

1
p(m|Hy)
p(m|Hy).

P, =
1

« protected EP: Bayesian model averaging over H, and H;:
QO = P(ry =10 41 y)

= P(ry =1y 4 |y. Hy)P(Hq|y) + P(re =1y [y, Ho)P(Hyy)

1
= QO (1—Pg) EPU

Rigoux et al. 2014, Neurolmage



definition of model space

A
inference on model structure or inference on model parameters?

A 4 A 4

inference on inference on
individual models or model space partition? parameters of an optimal model or parameters of all models?
A\ 4 l v l
optimal model structure assumed comparison of model optimal model structure assumed BMA
to be identical across subjects? families using to be identical across subjects?
FFX or RFX BMS

yes no
yes no
FFX BMS RFX BMS
FFX BMS RFX BMS FFX analysis of RFX analysis of
parameter estimates parameter estimates
(e.qg. BPA) (e.g. t-test, ANOVA)

Stephan et al. 2010, Neurolmage



Further reading

«  Penny WD, Stephan KE, Mechelli A, Friston KJ (2004) Comparing dynamic causal models. Neurolmage
22:1157-1172.

«  Penny WD, Stephan KE, Daunizeau J, Joao M, Friston K, Schofield T, Leff AP (2010) Comparing Families of
Dynamic Causal Models. PLoS Computational Biology 6: e1000709.

« Penny WD (2012) Comparing dynamic causal models using AIC, BIC and free energy. Neuroimage 59: 319-
330.

* Rigoux L, Stephan KE, Friston KJ, Daunizeau J (2014) Bayesian model selection for group studies — revisited.
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